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Part I Multiple choice questions. Choose the best answer for each question.

l. LetA={z:2°+2—-2<0}and B={x: |z — 1] > 1}. Then AN B = ( ).

A.[=2,0] B.[-2, 1] C.[0,2] D. [-2,2] E. (—o00, +00)
3 +5
2. If real numbers x and y satisfy the equation ; oy _ 5, then g =( ).
y—x
8 ) 15 8 )
A — B. - .= D. — E. -
5 8 ¢ 8 15 2
3. Ifthe equation in =, 3z — a = 5 — bz, has infinitely many solutions, then a — b = ( ).
A.2 B.8 C. -2 D. -8 E. 15
4. If the quadratic equation 2% — 6z + k = 0 has two distinct real roots, then the range of values of k is ( ).
A. k> 36 B.k>9 C.k=9 D. k < 36 E.k<9

5. If the polynomial x19%0 + 99 4 2998 4 ... 4+ 22 + & + 1 is divided by z + 3, then the remainderis ( ).

1 1 — 31001 1 + 31001 1 + 31001
A. - B. 31000 4 1 C.—— D.—— E.——
1 * 3 1 3

6. If a and 3 are the roots of the quadratic equation 222 — 5z + 1 = 0, then o + 32 = ( ).

3 21 23 25
B. - L — D. — E. —
4 ¢ 4 4 4

A.

o

7. Iflog,(ab) = z, then log,(ab) = ( ).

1
A2 B. C. -
rx+1 rx—1 T
T
D. ] E. None of the above
-

8. Ifthe circle 2% + y* + 2o — 6y — 15 = 0 and the line ¢ are tangent at the point (—4, —1), then the equation
g p

of the line ¢ is ( ).

Ader—-3y+13=0 B.3z —4y+8=0 Cdr—-3y—13=0

D.3x+4y+16 =0 E. 3z +4y—-16=0
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10.

11.

12.

13.

14.

15.

. Let f(z) = ax® — 82% + bx — 4 with constants a and b. If f(2) = —6, then f(—2) = ( ).
A.6 B. 36 C. 66 D. —36 E. —66
If 5 people are selected from a group of 6 boys and 4 girls to form a committee, with at least 3 boys and at
least 1 girl required, then there are ( ) different combinations.
A. 180 B. 200 C. 240 D. 252 E. 280

The solution set of the irrational equation /322 —4x + 1 — /322 —2x + 4= —1is ().

A. {0} B. {1} C.{0,2}
D. {0, 3} E. None of the above
9 1 —sin2x
If tan (I—l—x) ——7,thencosT—( ).
1 1
Lz B. -7 C.2 D. - E. -5
7 5

Let S,, be the n-th partial sum of a geometric sequence {a, }5°,. If 253 = a4 — a1, ag + a5 = 7, then
as -+ a7 = ( )

A5 B.7 C.21 D. 63 E. 35

Let f(x) = —32% + 2(a — 1)z + 2, a € R. If, for any distinct 7y, 7o € (—1,+00), the inequality
(x1 — x2)(f(x1) — f(z2)) < 0 holds, then the range of the values of  is ( ).

A.[-2,400) B. (—o0, —2] C.[-1,+00) D. (—o0, —1] E. [-2,—1]

and g(x) be a quadratic function. If the range of the composite function

_ Vel 2l =4
Let f(z) = {x, |z| < 4
f(g(x)) is [0, +00), then the range of g(x) is ( ).

A. (—oo0, —4] U [0, +00) B. (—o0, —4] U [4, +00) C. [0,4+00)

D. [4, +00) E. [—4, +00)
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Part II Problem-solving questions.

1 Teams A and B take part in a shooting competition. Each team has three members, and each member shoots
once. A successful hit awards the shooter’s team 1 point, while a miss awards 0 points. For Team A, the

: e 3 2 1 . : e
shooters’ hit probabilities are 13 and 2 respectively. For Team B, each shooter has a hit probability of

3 .
T All shots are assumed to be mutually independent across shooters.

(a) Fill in the probabilities of Team A’s score in the table below (in the simplest form). (4 marks)

(b) Find the probability of the event that ‘the sum of the scores of Teams A and B equals 3 and Team B’s

score is greater than Team A’s score’. (4 marks)
Team A’s score 0 1 2 3
1 1
Probabilit — -
robability 51 1

2 Consider the quadratic function y = —2% + 42 + 5. The point where the graph of the function intersects the
y-axis is P and the vertex of the graph is ().

(a) Find the coordinates of points P and Q). (3 marks)

(b) Let M be an arbitrary point on the z-axis. Find the minimum value of | P M |+|Q M | and the coordinates
of M where it occurs. (5 marks)

P

Y

3 Suppose that S,, denotes the n-th partial sum of the arithmetic sequence {a,, }°2 ;, as = 44 and S5 = 140.

(a) Find the general term formula of the sequence {a,, }2 ;. (3 marks)
1
(b) Letb, = 5 and let 7,, be the n-th partial sum of the sequence {b,}>° ;. Then find the expression for
T,. " (3 marks)
(c) Prove that L <T,< 5 (2 marks)
I TR T

2 2
: . . 6
4 Let C be the hyperbola % - Z—Q =1 (a > 0,b > 0) passing through (21/3, 2) with eccentricity e = £

2
The line ¢ of slope 1 through (6, 0) intersects C at points A and B.
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(a) Find the equation of C.

(b) If point M has coordinates(2, 0), prove that lines AM and BM are perpendicular.

5 Let the function f(x) =

3z
x+3

(@) () Ifz, = g and z,, = f(z,_1), find 25 and z3.

(ii) Guess a general formula for f(z,,) and prove it by mathematical induction.

(b) Let g(z) =

f(a?)

, & > 0. Find the maximum value of g(z).

12/15
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Part I Multiple-Choice Questions.

Suggested Answer

Question No. Best Answer
1 A
2 B
3 C
4 E
5 D
6 C
7 B
8 D
9 E
10 A
11 D
12 A
13 D
14 B
15 C
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Part II Problem-solving questions.

1.

(a)
Team A’s score 0 1 2 3
1 1 11 1
Probabilit — - — -
robabtily 24 4 24 4
(b) The probability that A scores 0 and B scores 3 is i X % X % X (%)3 = 5;?2. The probability that A
scores 1 and B scores 2is (3 x 1 x 141 xZxi4dxlxl)x 302(%)2% = 2. Hence, the

probability of the event “the total score of Teams A and B is 3, and Team B scores more than Team

» o9 27 _ 63
AT I8 55+ 555 = Bin-

(a) From the question, we know that P(0,5) and Q(2,9).
(b) The reflection of point P about the z-axis is P'(0, —5). The equation of the line P'Q) is y = 7x — 5.
>
Its intersection with the z-axis is M <?, 0) , which is the required point. The minimum value of

|PM|+|QM|is |P'Q|, and by calculation, | P'Q| = 10v/2.

a) Since a; = and 55 = , we have a; + = and —— = . Solving equations gives
Si 44 and S5 = 140, we h 4d = 44 and 2@ F9) = 140, Solvi ions gi

a; = 12 and d = 8. Therefore, a,, = 12+ 8(n — 1) = 8n + 4.

(b) Since S,, = "(“1;‘1") = ”[2“82(”*1)] = 4n(n + 2), we have b, = S—ln = m. Thus,

Ti=Yiamom s G me) =5 G —mn — ) =16 — s (G + ) -

: 1 1 3 1 1 1 o . .
(c) Since 1 T e > 0, we have T, < 7. On the other hand, T} = ST o =1 As T, is increasing

with respect to n, we have T,, > T} = %

a) From the question, we have 12 — 2 = lande = ¢ = V6 Since a2 + b2 = c?, we can obtain a = 2
q a b a 2
22 g
and b = /2. Therefore, the equation of C is 4 5= 1.

(b) It is easy to find that the equation of the line ¢ is y = = — 6. Let the intersection points be A(z1,y;)

and B(xs,y,). Solving the system formed by the line and the hyperbola and eliminating y, we get
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2? — 24x + 76 = 0. By Vieta’s formulas, 7, + x5 = 24 and 2,25 = 76.

—6 . .
The slope of line AM is Ky = B _ 4 , and the slope of line BM is Kg); = 2 _
Tp — 2 rp — 2 To — 2
Ty — 6 1 —6 19—6 r1x9 — 6(x1 + 22) + 36 -32
Ty — 2 enee, Kam BM 1 —2 19 —2 x1Ty — 2(x1 + 22) + 4 32

Therefore, AM and BM are perpendicular to each other.

= 1.

@ () o= f() = Loy = f(a2) = 5.

(i) We conjecture that z,, = T Now we prove it by mathematical induction:
n

(1) When n = 1, the formula holds.

3
(2) Assume that the formula holds when n = k, that is, x;, = PEE Then whenn = k + 1,

Trpe1 = f(zg) = 3k _ i ki“ = . So the formula also holds for n = £k + 1.
m+3 25 +3 (k1D +1
C ) 3
Therefore, by mathematical induction, x,, = ——.
n+1
2 3 3 3 3
(b) g(x) = ft ) = xz—T—B' Since z > 0, inB = x—l—% < - Therefore, when 2 = /3, g()

. . 3
attains its maximum value —.
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